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(Mostly for actions of finite groups andZ)

Saying roughly: The action can be approximated by shifts (insome sense).

Many different versions in literature.

Rokhlin actions preserve many important properties.

Often produce simple crossed products.

In fact the Rokhlin property is a strong form of outerness.
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Introduction

We want to study the Rokhlin property in connection with noncommutative
topological dimension.

That is, decomposition rank and nuclear dimension.

There are still no good results about decomposition rank andnuclear
dimension of crossed products.

We introduce a new Rokhlin property involving positive elements rather than
projections in order to prove some first results.

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 4 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m)

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m) then for all ǫ > 0 and n ∈ N there is E ⊂ X s.t.

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m) then for all ǫ > 0 and n ∈ N there is E ⊂ X s.t.

◮ E, TE, . . . , Tn−1E are disjoint;

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m) then for all ǫ > 0 and n ∈ N there is E ⊂ X s.t.

◮ E, TE, . . . , Tn−1E are disjoint;

◮ m(E ∪ TE ∪ . . . ∪ Tn−1E) > 1− ǫ.

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m) then for all ǫ > 0 and n ∈ N there is E ⊂ X s.t.

◮ E, TE, . . . , Tn−1E are disjoint;

◮ m(E ∪ TE ∪ . . . ∪ Tn−1E) > 1− ǫ.

T mapsT iE to T i+1E (i < n − 1) but it’s not clear whatT does withTn−1E.

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m) then for all ǫ > 0 and n ∈ N there is E ⊂ X s.t.

◮ E, TE, . . . , Tn−1E are disjoint;

◮ m(E ∪ TE ∪ . . . ∪ Tn−1E) > 1− ǫ.

T mapsT iE to T i+1E (i < n − 1) but it’s not clear whatT does withTn−1E.

However,χTn−1E is close toχE in L2.

J. Zacharias (University of Nottingham) Rokhlin 15.8.2010 5 / 24



Introduction

The following is the ultraclassical case of the Rokhlin property.

Lemma (Rokhlin/Halmos)
If T : X → X is an aperiodic automorphism of a Lebesgue probability space
(X, m) then for all ǫ > 0 and n ∈ N there is E ⊂ X s.t.

◮ E, TE, . . . , Tn−1E are disjoint;

◮ m(E ∪ TE ∪ . . . ∪ Tn−1E) > 1− ǫ.
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However,χTn−1E is close toχE in L2.
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In sequel let

A be a unitalC∗-algebra,

F ⊂ A a finite subset,

G a finite group.
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Decomposition rank dr(A) (Kirchberg and Winter) and nuclear dimension
nucdim(A) (Winter and Z) are such concepts generalising topological
covering dimension for nuclearC∗-algebras.

To define dr and nucdim , the idea is to consider a cp-approximation

A → Fλ → A

(Fλ a finite dimC∗-algebra) as a ”noncommutative open cover”.
dr (A) and nucdim(A) involve the decomposability of the second map

φλ : Fλ → A

into a sum of orthogonality perserving maps (these are very close to
homomorphisms).
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Decomposition rank and nuclear dimension

dr and nucdim have been quite useful in the classiciation programme.

However, there are very few results about dr and nucdim of crossed products.

(Except some recent results for minimal homeomorphisms.)
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Theorem
Let α : G → Aut(A) be a Rokhlin action of a finite groupG then

dr (A ×α G) = dr(A)

and
nucdim(A ×α G) = nucdim(A)

The same is true forZ-actions with the cyclic Rokhlin property.
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i , a]‖ < ǫ (a ∈ F , all i, l)

◮ ‖α(f (l)
i ) − f (l)

i+1‖ < ǫ, (all l, f (l)
nl := f (l)

0 )

Note that the casek = 0 (Rokhlin dimension 0) is equivalent to the cyclic
Rohklin property.
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The following illustrates the second point:

Theorem
If α ∈ Aut(A) has the positive Rohklin property with Rokhlin dimensionk
then
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Moreover, ifA is α-simple and nucdim(A) < ∞ thenA ×α Z is simple.
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Our main motivation to introduce the positive Rokhlin property is that

◮ it is more flexible then the classical Rokhlin property and applies to
algebras without any projections;

◮ it gives good estimates for the nuclear dimension of crossedproducts.

The following illustrates the second point:

Theorem
If α ∈ Aut(A) has the positive Rohklin property with Rokhlin dimensionk
then

nucdim(A ×α Z) ≤ nucdim(A) + k

Moreover, ifA is α-simple and nucdim(A) < ∞ thenA ×α Z is simple.

The first point will be illustrated in the next section.
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Irrational rotations

Let αΘ be the irrational rotation automorphism onC(T);
i.e. αΘ(f )(e2πit) = f (e2πi(t−Θ)).
Then we have:

Theorem
αΘ has the positive Rokhlin property with dimension 1.

Clearly, any dynamical system on a compact space which has anirrational
rotation as a factor will also have positve Rokhlin propertywith dimension 1.
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Irrational rotations

Let X be a compact space of covering dimensionk and letT be a minimal
homeomorphism ofX, giving the automorphismαT(f ) = f ◦ T on C(X).

Question:DoesαT satisfy the positive Rokhlin property (of dim.O(k)) ?

Seems plausible, but we currently know this only for irrational rotations.
(The upper boundk for the Rokhlin dimension ofαT seems too naive.)
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Let A beZ-stable, i.e.A is isomorphic toA ⊗Z, whereZ is the Jiang-Su
algebra.

Most nuclear simpleC∗-algebras areZ-stable (and many non-simple ones as
well).

Equip Aut(A) with the topology of pointwise convergence, more precisely,
define basic neighborhoods by

VF ,ǫ(α) = {β ∈ Aut(A) | ‖α(a) − β(a)‖, ‖α−1(a) − β−1(a)‖ < ǫ∀a ∈ F}

If A is separable then Aut(A) with this topology is a complete metric space.
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Positive Rokhlin property is generic

Theorem
If A is separable andZ-stable then the set of automorphisms ofA satisfying
the positive Rokhlin property isGδ in the above topology.

This shows that the positive Rokhlin property is fairly prevalent.

Thanks for your attention.
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